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We show that the transﬁnite inductive dimensions modulo P P-trind and P-trInd
introduced in M.G. Charalambous (1997) [2] differ by simple spaces, where P is the
absolutely additive Borel class A(α) or the absolutely multiplicative Borel class M(α),
0 α < ω1.
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1. Introduction
All topological spaces in this paper are assumed to be separable and metrizable unless we mention something different.
Our terminology mostly follows [1] and [8].
Recall [2] that the small transﬁnite inductive dimension modulo P , in brief P-trind, is deﬁned as follows. Let X be a space,
P a class of topological spaces and α an ordinal number  0. Then
(i) P-trind X = −1 iff X ∈ P ,
(ii) P-trind X  α ( 0) if for every point x ∈ X and every closed subset A of X with x /∈ A there exists a partition C in X
between x and A such that P-trindC < α.
(If we replace the point x by a closed set B disjoint from A we obtain the deﬁnition of the large transﬁnite inductive
dimension modulo a class P , in brief P-trInd.)
Throughout the present paper, considered classes P are assumed to contain the empty space ∅ and every space home-
omorphic to a closed subspace of each of their members. Note that for each P the functions P-trind and P-trInd are
monotone with respect to closed subsets and P-trindP-trInd. Moreover, if X = X1 ⊕ X2 is the topological sum of spaces
X1 and X2 then P-dX = max{P-dX1, P-dX2}, where d is either trind or trInd, provided that the topological sum of any
two elements of P is in P . Hereafter, each class P of topological spaces is supposed to have this property.
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M(α), where 0 α < ω1, satisfy the conditions mentioned above. Moreover the following hierarchy of these classes holds
(a diagram in which a class P1 is contained in a class P2 iff P2 is to the right of P1, and the arrows indicate inclusions):
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Recall that A(0) = {∅} and A(0)-trind = trind, A(0)-trInd = trInd, where trind and trInd are the classical transﬁnite
inductive dimensions (cf. [8]). It is easy to see that if P2 ⊂ P1 then P1-d  P2-d, where d is either trind or trInd. More
information about the relationship between the functions P-trInd (resp. P-trind), where P ’s are from the diagram (∗), one
can ﬁnd in [7].
In this paper we are interested in the relationship between P-trInd and P-trind, where P is a ﬁxed class from (∗).
Recall that the ﬁnite analogs of P-trInd and P-trind for such P ’s, the ﬁnite dimensions modulo P P-Ind and P-ind, differ
only for the class P = M(0) consisting of all compact metrizable spaces, see [1, Chapter II, §10], and there are compact
metrizable spaces for which trind< trInd (cf. [8]).
Using the generalized Smirnov’s spaces SαY , where Y ’s are spaces and α’s countable ordinals  0, introduced in [7] (see
Deﬁnition 2.1 below), and by use of the technique developed here, which is similar to [4], we show that the functions
P-trind and P-trInd differ for each P from the diagram (∗) (Corollary 3.3).
2. Auxiliary results
Let X be a metric space.
Recall [4] that a decomposition X = F ∪⋃∞i=1 Ei of X into disjoint sets is called A-special (resp. B-special) if for each i the
set Ei is clopen in X (resp. the set Ei is clopen in X and limn→∞ δ(Ei) = 0, where δ(A) is the diameter of a set A in X ).
For each integer N  1 put XN = X \⋃Ni=1 Ei . Note that in the both cases the space X can be represented as the topological
sum X = XN ⊕ E1 ⊕ · · · ⊕ EN of XN and E1, . . . , EN .
We will say that a decomposition X = F ∪⋃∞i=1 Ei of X into disjoint sets is C-special if for each open neighborhood O
of F in X there exists a natural number N such that XN ⊂ O . Note that if the decomposition X = F ∪⋃∞i=1 Ei of X is
C-special then for every closed set A of X disjoint from F there exists an integer N  1 such that A ⊂⋃Ni=1 Ei .
Let X =⊕∞i=1 Xi be the topological sum of metric spaces Xi , i = 1,2, . . . . Recall [7] that a one-point extension X+ of X is
the union {x∞}∪ X of the set X and a point x∞ /∈ X (this point is called the extension point of X+) with the topology deﬁned
as follows. A set U ⊂ X+ is open in X+ iff either U is an open subset of the space X or X+ \ U is a closed subset of the
space X and there exists an integer N such that
⊕∞
i=N Xi ⊂ U . It is clear that X+ is metrizable.
Remark 2.1. Let us ﬁx a metric ρ1 on the space X+ . Note that the decomposition {x∞} ∪⋃∞i=1 Xi of X+ is B- and C-special.
Let K be a compact space with a metric ρ2 and ρ3 = ρ1 + ρ2 the metric on the product X+ × K . Then the decomposition
({x∞} × K ) ∪⋃∞i=1(Xi × K ) of X+ × K is A- and C-special.
For non-empty sets A, B of a metric space (X,ρ) put ρ(A, B) = inf{ρ(a,b): a ∈ A, b ∈ B}.
Lemma 2.1. Let (X,ρ) be a metric space admitting a B-special decomposition X = F ∪⋃∞i=1 Ei .
(i) If p ∈ F , Y is a closed set of X such that p /∈ Y and U =⋃{Ei: Ei ∩ Y = ∅} then p /∈ ClU .
(ii) If the decomposition X = F ∪⋃∞i=1 Ei of X is also C-special, A and B are disjoint closed subsets of X such that A ∩ F = ∅,
B ∩ F = ∅, C F is a partition in F between A ∩ F and B ∩ F , and the set A ∩ F is compact then there exists a natural number N
such that CF is a partition in XN between A ∩ XN and B ∩ XN .
Moreover, if we choose for each positive integer i  N a partition Ci between the sets A ∩ Ei and B ∩ Ei in Ei then the set
CF ⊕⊕Ni=1 Ci is a partition between A and B in X.
Proof. (i) Put ε = ρ(p, Y ) > 0. Choose a natural number N such that δ(Ei) < ε3 for each i > N . Observe that O ε3 (p) ∩ U ∩
XN = ∅. Hence p /∈ ClU .
(ii) Let f : F ∪ A∪ B → [−1,1] be a continuous function from the union F ∪ A∪ B to the closed interval [−1,1] such that
f −1(−1) = A, f −1(0) = CF and f −1(1) = B . Let us consider a continuous extension g : X → [−1,1] of f . The compactness
of A ∩ F implies that ε = ρ(A ∩ F , g−1[0,1]) > 0. Since the decomposition is B- and C-special, there is a natural number N
such that
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(b) XN ∩ (A \ O 
3
(A ∩ F )) = ∅.
In the clopen set XN of X consider the open set U = U1 ∪ U2, where U1 = g−1(0,1] ∩ XN and U2 =⋃{Ei: Ei ∩ g−1[0,1] =
∅} ∩ XN . It is clear that A ∩ XN ⊂ (XN \ U1) ∩ (XN \ U2) = XN \ U , B ∩ XN ⊂ U1 ⊂ U , U1 ∩ F = f −1(0,1] ∩ F , U2 ∩ F = ∅,
U1 \ F ⊂ U2 and BdU ∩ (X \ F ) = ∅. From (i) it follows that BdU ∩ F ⊂ CF . Hence BdU ⊂ CF . This proves the lemma. 
Theorem 2.1. Let (X,ρ) be a metric space admitting a B-special decomposition X = F ∪⋃∞i=1 Ei and α an ordinal number  0.
(i) If max{P-trind F , sup{P-trind Ei: i = 1,2, . . .}} α then P-trind X  α.
(ii) If the decomposition X = F ∪⋃∞i=1 Ei of X is also C-special, the set F compact and max{P-trInd F , sup{P-trInd Ei: i = 1,2,
. . .}} α then P-trInd X  α.
Proof. (i) This can be proved similarly as in [4].
(ii) Let A and B be disjoint closed sets of X . Assume that A∩ F = ∅ or B∩ F = ∅. Since the decomposition X = F ∪⋃∞i=1 Ei
of X is C-special there exist a natural number N and a partition C in X between A and B such that C =⊕Ni=1 Ci , where
Ci is a partition in Ei between A ∩ Ei and B ∩ Ei satisfying the inequality P-trIndCi < P-trInd Ei for each positive integer
i  N . This implies that P-trIndC < max{P-trInd Ei: i = 1, . . . ,N}  α. Now, we suppose that A ∩ F = ∅ and B ∩ F = ∅.
Since the set F is compact, the set A ∩ F is also compact. Then for every partition CF in F between A ∩ F and B ∩ F
with P-trIndCF < P-trInd F  α, by Lemma 2.1(ii) there exist a natural number N and a partition Ci between A ∩ Ei and
B ∩ Ei in Ei for each i  N such that CF ⊕⊕Ni=1 Ci is a partition in X between A and B . Note that we can assume that
P-trIndCi < P-trInd Ei for each i  N . Hence P-trIndC < max{P-trInd F ,max{P-trInd Ei: i = 1, . . . ,N}} α. The theorem
is proved. 
Theorem 2.2. Let X be a metric space admitting a decomposition X = F ∪⋃∞i=1 Ei which is A- and C-special. If the set F is compact
and dim F = n  0 then there exist n + 1 closed subsets Zk, k = 1, . . . ,n + 1, of X such that X =⋃n+1k=1 Zk, and each Zk admits a
decomposition Zk = F ∪⋃∞j=1 Ekj which is B- and C-special. Moreover, the inclusion Ekj ⊂ Ep is valid only for ﬁnitely many indices j
for every p.
Proof. Let ε > 0. Since F is compact and dim F = n, we can choose ﬁnite systems Bεk , k = 1, . . . ,n+ 1, consisting of disjoint
closed sets in X with diameter < ε such that the union
⋃n+1
k=1(
⋃Bεk ) contains an open neighborhood OF of F in X . Since the
decomposition X = F ∪⋃∞i=1 Ei is C-special, there exists a natural number N(ε) such that Ei ⊂ OF ⊂⋃n+1k=1(⋃Bεk ) for each
i  N(). For every natural number p  1 let B(p)k = B
1
p
k , k = 1, . . . ,n + 1, and Np = N( 1p ). We may assume that Nq > Np if
q > p. Deﬁne
Z1 = F ∪
N1−1⋃
i=1
Ei ∪
∞⋃
p=1
N(p+1)−1⋃
i=Np
{
B ∩ Ei: B ∈ B(p)1
}
, and
Zk = F ∪
∞⋃
p=1
N(p+1)−1⋃
i=Np
{
B ∩ Ei: B ∈ B(p)k
}
, for k = 2, . . . ,n + 1.
Observe that the right sides of these equalities are B-special decompositions of the left sides. Fix a positive integer k n+1.
Let us check that the decomposition Zk = F ∪⋃∞j=1 Ekj is C-special, where Ekj is either B ∩ Ei with i  N1 or E1, . . . , EN1−1.
Indeed, consider an open neighborhood U of F in Zk . Then there exists an open neighborhood U ′ of F in X such that
U ′ ∩ Zk = U . Recall that the decomposition X = F ∪⋃∞i=1 Ei is C-special. Hence there exists a positive integer m such that
F ∪⋃∞i=Nm Ei ⊂ U ′ . Observe that U = U ′ ∩ Zk ⊃ F ∪⋃∞p=m⋃N(p+1)−1i=Np {B ∩ Ei: B ∈ B(p)k }. This proves the theorem. 
In the sequel, α = λ(α)+n(α) is the natural decomposition of the ordinal number α into the sum of a limit ordinal λ(α)
and a non-negative integer n(α), by I we denote the unit closed interval [0,1].
Deﬁnition 2.1. ([7]) Let Y be a non-empty space. We deﬁne by induction the generalized Smirnov’s spaces SαY , 0 α < ω1 , as
follows.
(i) If α < ω0 then SαY = Y × Iα (here I0 is a point).
(ii) If α is a limit ordinal number ω0, then SαY is the one-point extension of the topological sum
⊕
β<α S
β
Y .
(iii) If α ω0 and α is not limit, then Sα = Sα−1 × I.Y Y
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α (cf. [8]) whenever Y is a one-point
space. Moreover, Sα can be embedded into the space SαY for each space Y and each α. This implies that
α  trInd SαY . (2.1)
In [7, Proposition 3.3] we showed that if dim Y < ∞, then
trInd
(
Sλ(α)Y × K
)

{
dim Y + α, if α < ω0,
α, if ω0  α < ω1,
(2.2)
for every compactum K with dim K  n(α).
Combining (2.1) and (2.2) we get:
trInd SαY = α for each countable ordinal α ω0 and every space Y with dim Y < ∞. (2.3)
Remark 2.2. The decomposition SαY = {x∞}× In(α) ∪
⊕
β<λ(α) S
β
Y × In(α) , where α ω0, is evidently A- and C-special. Hence,
by Theorem 2.2, there exist n(α)+1 closed subsets Zk , k = 1, . . . ,n(α)+1, of SαY such that each Zk admits a decomposition
which is B- and C-special. Now it follows from (2.2) and Theorem 2.1 that if dim Y < ∞ then trInd Zk  λ(α) for each
k = 1, . . . ,n(α) + 1.
Let P0 be the one-point space {0} ⊂ I, Q 0 the subspace { 1n : n = 1,2, . . .} of I, P1 the space of irrational numbers
in I, Q 1 the space of rational numbers in I and Pα , Qα , 2  α < ω1, zero-dimensional subspaces of I described in
[6, Proposition 3.6] such that Pα ∈ M(α) \ A(α) and Qα ∈ A(α) \ M(α). Recall [7, Theorem 3.1] that
M(0)-trInd SαP0 = −1, M(0)- trInd SαQ 0 = α,
M(1)- trInd SαQ 0 = A(1)- trInd SαQ 0 = −1 and for every countable ordinal β  1, (2.4)
(a) M(β)-trInd SαQβ = α and A(β)-trInd SαQβ = −1,
(b) A(β)-trInd SαPβ = α and M(β)-trInd SαPβ = −1.
Remark 2.3. Observe that for every countable ordinal β  1, every class P from the diagram (∗), which is contained in the
class M(β) (resp. A(β)), and every partition C between the points (x∞,0) and (x∞,1) in Sω0+1Qβ (resp. S
ω0+1
Pβ
), where x∞
is the extension point of Sω0Qβ (resp. S
ω0
Pβ
), we have P-trIndC  ω0. Since P-Ind = P-ind except the case P = M(0) (see
[1, Chapter II, §10]), it follows that P-trindC ω0.
3. Dimensional properties of SαY , 0 α < ω1
Let d be a transﬁnite dimension-like function monotone with respect to closed subsets.
Recall [3] that a function d is said to satisfy the sum theorem of type Atr for closed sets if for every space X being the union
of two closed subspaces X1 and X2 with dXi  αi for each i and α1  α2, we have
dX 
{
α2, if λ(α1) < λ(α2),
α2 + n(α1) + 1, if λ(α1) = λ(α2).
We will say that a class P of topological spaces is (weakly) ﬁnitely additive if the union of two (closed) subspaces, which
are members of P , is also a member of P . Recall [1, Chapter II, Theorem 9.9] that each member of the diagram (∗) is
ﬁnitely additive.
In [2, Proposition 22] Charalambous observed that for every weakly ﬁnitely additive class P of topological spaces the
transﬁnite inductive dimensions P-trInd and P-trind satisfy the sum theorem of type Atr for closed sets.
Recall [3] that a space X with dX = α, where ω0  α < ω1, is said to be optimally λ(α)-decomposable in the sense of d if
X =⋃n(α)+1i=1 Xi , where each Xi is closed in X and dXi  λ(α).
Remark 3.1. It is easy to see from (2.3) and Remark 2.2 that for every space Y with dim Y < ∞ and every countable ordinal
α ω0 the space SαY is optimally λ(α)-decomposable in the sense of trInd.
Remark 3.2. From (2.4) and Remark 3.1 it follows that for every ordinals α,β such that ω0  α < ω1, 0 β < ω1 and every
class P from the diagram (∗) which is contained in the class M(β) (resp. A(β)), the space SαQβ (resp. SαPβ ) is optimally
λ(α)-decomposable in the sense of the transﬁnite dimension P-trInd.
The following statement is evident.
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X a space with dX = α. Then we have the following.
(i) The space X cannot be written as the union of n(α) closed subsets of d λ(α).
(ii) If X is optimally λ(α)-decomposable in the sense of d, i.e. X =⋃n(α)+1i=1 Xi , where each Xi is closed in X and dXi  λ(α), then
(a) d(X1 ∪ · · · ∪ Xk+1) = λ(α) + k for each k with 0 k n(α), and hence
(b) for each integers p,q 0 satisfying p+q+ 1= n(α) there exist optimally λ(α)-decomposable in the sense of d closed sets A
and B such that dA = λ(α) + p, dB = λ(α) + q and X = A ∪ B.
Corollary 3.1. For every space Y with dim Y < ∞ we have
trind Sω0+1Y = trInd Sω0+1Y = ω0 + 1. (3.1)
Moreover, there exist closed sets Z1 and Z2 such that S
ω0+1
Y = Z1 ∪ Z2 and trind Zi = trInd Zi = ω0 for each i = 1,2.
Proof. By (2.3), it suﬃces to show that trind Sω0+1Y ω0 + 1. For every partition C between the points (x∞,0) and (x∞,1)
in Sω0+1Y , we have trIndC ω0. This implies trindC ω0, where x∞ is the extension point of S
ω0+1
Y . Hence we have (3.1).
The second part of the corollary follows from Remark 2.2 and [8, Theorem 7.2.6]. 
Using (2.4), Remarks 2.3, 3.2 and [2, Proposition 22] we get the following.
Corollary 3.2. For every ordinal β with 0 β < ω1 , and every class P from the diagram (∗)which is contained in the class M(β) (resp.
A(β)), except the case of β = 0 and P = M(0), it follows that P-trind Sω0+1Qβ = P-trInd S
ω0+1
Qβ
= ω0 + 1 (resp. P-trind Sω0+1Pβ =
P-trInd Sω0+1Pβ = ω0 +1) and there exist closed sets Z1 and Z2 such that S
ω0+1
Qβ
= Z1 ∪ Z2 (resp. Sω0+1Pβ = Z1 ∪ Z2) and P-trind Zk =
P-trInd Zk = ω0 for each k = 1,2.
A function d is said to satisfy the sum theorem of type Btr for closed subsets if for every space X being the union of two
closed subspaces X1 and X2 with dXi  αi for each i and 0 α1  α2, we have
dX 
{
α2, if λ(α1) < λ(α2),
α2 + 1, if λ(α1) = λ(α2).
In [5] it was proved that the function P-trind satisﬁes the sum theorem of type Btr for closed subsets. Now using the same
method as in the proof of [4, Theorem 4.1] we get
Proposition 3.2. Let P be a weakly ﬁnitely additive class of topological spaces and X a space with P-trInd X = α  ω0 , which is
optimally λ(α)-decomposable in the sense of P-trInd. Then P-trind X  λ(α)+m,wherem is an integer such that 0 n(α) 2m−1.
In particular, P-trind X < P-trInd X for each ordinal α such that n(α) 3.
A direct consequence of Remark 3.2 and Proposition 3.2 is
Corollary 3.3. Let α and β be ordinals such that ω0  α < ω1 and 1 β < ω1 , and P a class from the diagram (∗) contained in the
class M(β) (resp. A(β)). Then
P-trind SαQβ  λ(α) +m
(
resp. P-trind SαPβ  λ(α) +m
)
,
where m is an integer such that 0 n(α) 2m − 1. In particular, P-trind SαQβ < P-trInd SαQβ (resp. P-trind SαPβ < P-trInd SαPβ ) for
each ordinal α such that n(α) 3.
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